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ABSTRACT

We describe the exponent of a group-theoretical fusion category C =
C(G,w, F, a) associated to a finite group G in terms of group cohomology.
We show that the exponent of C divides both e(w)expG and (expG)?,
where e(w) is the cohomological order of the 3-cocycle w. In particular,
expC divides (dim C)2.

1. Introduction and main results

Throughout this note we shall work over an algebraically closed base field k£ of
characteristic zero. The notion of (quasi)exponent of a finite-dimensional Hopf
algebra H has been introduced in a series of papers by Etingof and Gelaki [11,
12] extending previous work of Kashina [18, 19]. By definition, the exponent of
H is the least integer N for which

my(id®S 2@ - @ ST2VTHAN = €,

where Ay: H — H®N and my: H®N — H are the iterated comultiplication
and multiplication maps, respectively. This gives a non-commutative analogue
of the exponent of a group.

It was conjectured, in the context of semisimple Hopf algebras, that the order
of a certain power map divides the dimension of H. In terms of the exponent,

the conjecture can be stated as follows:
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CONJECTURE 1.1 ([18]): If H is a semisimple Hopf algebra over k, then the
exponent of H divides the dimension of H.

This problem has an affirmative answer in a number of cases, but the general
answer is still not known. Etingof and Gelaki have proved several basic and
important properties and characterizations of the exponent, in particular, they
have shown that the exponent divides (dim H)3. One important property of the
exponent is its gauge invariance: that is, the exponent does not depend on the
Hopf algebra itself but only on its tensor category of representations. Gener-
alizing the definitions for finite dimensional Hopf algebras, Etingof introduced
the quasi-exponent of a finite rigid tensor category C in [10].

The main goal of this paper is to describe the exponent of a large class of
semisimple Hopf algebras, which exhausts all known examples, in terms of group
cohomology. Actually, this class consists not only of semisimple Hopf algebras
but also of semisimple quasi-Hopf algebras. Our results will imply that the
exponent of H divides (dim H)? for all H in this class.

Group-theoretical fusion categories were introduced by Ostrik in [28]. Let
G be a finite group, and let w: G x G X G — k* be a normalized 3-cocycle.
Let also FF C G be a subgroup and 7: F' x F' — k* a normalized 2-cochain
w|pxFxF = dr. A group-theoretical category is a tensor category equivalent
to the category C(G, w, F, a) of ko F-bimodules in the category Vecg of G-graded
vector spaces with associativity given by w. A (quasi)-Hopf algebra H is called
group theoretical if Rep H is.

Recall that the global dimension of C, denoted dim C, is the sum of squares
of the categorical dimensions of simple objects in C. If Rep H ~ C(G,w, F, o),
then dimC = dim H = |G|.

It is an open question whether every semisimple Hopf algebra over k is group-
theoretical or not [14]. Every group-theoretical category is equivalent to the
category of representations of a quasi-Hopf algebra. The explicit structure, up
to gauge equivalence, of group theoretical quasi-Hopf algebras was given in [26],
where other invariants, the Frobenius—Schur indicators, were computed in terms
of the group-theoretical data G, w, F, T.

Using a result of Schauenburg on the center of a bimodule category, it was
shown in [25] that a quasi-Hopf algebra H is group theoretical if and only if its
quantum double is gauge equivalent to a Dijkgraaf-Pasquier-Roche quasi-Hopf
algebra D¥G [7].

In this paper we prove the following characterization of the exponent of a
group-theoretical category.
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THEOREM 1.2: The exponent of C = C(G,w, F,«) divides the modified expo-

nent

exp,,G = lcm.[e(wy)|g] : g € G],

and, moreover, expC = exp,,G in either of the following cases:
(i) |G| is odd,

(ii) C admits a fiber functor.

Here wy is the restriction of w to the subgroup generated by g and e(w,) is its
cohomological order. Condition (ii) means that C is the category of represen-
tations a Hopf algebra. Theorem 1.2 allows us to give necessary and sufficient
conditions for expC to divide dimC when the last is odd or C admits a fiber
functor. See Theorems 5.12, 5.18.

The following theorems are proved as a consequence of this characterization.

THEOREM 1.3: The exponent of the twisted quantum double DG divides
(expG)?.

In particular, the exponent conjecture holds true for all semisimple quasi-Hopf
algebras which are gauge equivalent to a twisted Drinfeld double D¥G. We also
prove that for the quasi-Hopf algebra D“ G, the order of the element 3 divides
the exponent of G.

THEOREM 1.4: Let C ~ C(G,w, F,7) be a group-theoretical fusion category.
Then

(i) expG divides expC.

(ii) expC divides e(w)expG. In particular, expC divides (dimC)?.
(iii) expC divides (expG)2.
)

(iv) expC and dimC have the same prime divisors.

The proof relies on the characterization result in [25]. We note that part (iv)
has been recently established in [20] for any semisimple Hopf algebra H.

In particular, it follows from Theorem 1.3 that the exponent of A divides
(dim A)? for all bicrossed products arising from exact factorizations of finite
groups [25, Theorem 1.3] and all their twistings, that is, for all semisimple Hopf
algebras which are twist equivalent to some A that fits into an abelian exact
sequence

(1.1) k—k' - A—kF —k,

where F' and T" form a matched pair of finite groups; see [23, 24].
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In this case, we show that expA divides exp Opext(F,T")expG, where G =
F 1T is the factorizable group determining the matched pair and Opext(F,T)
is the abelian group classifying all extensions (1.1). See Corollary 5.24. Among
semisimple Hopf algebras arising from abelian extensions, the conjecture on the
exponent had been established under additional restrictions [19].

In the context of abelian extensions like (1.1) we also obtain, as an application
of results of Masuoka [24], a result that is of independent interest: we prove a
Hopf algebra generalization of the Schur—Zassenhauss Theorem for finite groups.
Namely, suppose that the orders of I' and F' are relatively prime. Then, after
twisting the multiplication and comultiplication if necessary, A is equivalent to
the split extension kT #kF. See Proposition 5.22.

The paper is organized as follows: in Sections 2 and 3 we recall some properties
of the exponent of a fusion category and of quasi-Hopf algebras, respectively.
In Section 4 we review results of Altschuler and Coste on Drinfeld and ribbon
elements and prove, under certain assumptions, some results on the powers of
the Drinfeld element that generalize those in [11]. Finally, in Section 5, we
prove our main results, using the ribbon element for a twisted Drinfeld double;
Subsections 5.1 and 5.2 concern particularly the Hopf algebra case.

ACKNOWLEDGEMENTS: The author is grateful to S. Montgomery for interest-
ing discussions on the exponent and its properties. She also thanks J. Carlson
for kind e-mail correspondence.

After submission of this paper, the author knew about the preprint [27], where
a related invariant, the Frobenius-Schur exponent, is introduced and studied.

2. Exponent of a tensor category

In this section we recall the notion of (quasi-)exponent of a finite tensor category
introduced by Etingof in [10, Section 6]. This generalization is based on the
results on the (quasi-)exponent of a finite dimensional Hopf algebra found in
the papers [11, 12].

Let C be a finite rigid tensor category over k and let Z(C) be its Drinfeld’s
center, which is a braided tensor category with respect to a canonical braiding
Buv:U®V — V@U. In the paper [10], the quasi-exponent qexpC of C is
defined as the smallest integer N such that (32)" is unipotent in Z(C). Here,
(32 is the natural automorphism By yfyv: UV - U@ V.

The notion of quasi-exponent of a finite tensor category gives, by restriction,
a notion of quasi-exponent of a finite dimensional quasi-Hopf algebra H which,
by definition, is a gauge invariant of H.
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If C is a fusion category, then the quasi-exponent of C is called the exponent
of C and denoted expC. We shall be interested in fusion categories of the form
C = Rep H, where H is a finite dimensional semisimple quasi-Hopf algebra. In
this case expC will be called the exponent of H and denoted expH.

It follows from [10, Proposition 6.3] that the exponent of C = Rep H satisfies
the following:

(2.1) expC = expZ(C);
(2.2) expC equals the order of 52.

Moreover, [10, Theorem 5.1] implies that expC is finite.

3. Semisimple quasi-Hopf algebras

Let (H,A,¢,$,S,a, ) be a finite dimensional semisimple quasi-Hopf algebra [8]
(later on indicated by H for short). Here, ¢ € (H®3)* is the associator,
S: H — H°P is the quasi-antipode and «, 0 € H are related to S by

(3.1) S(hi)ahs = e(h)a, hBS(h2) = e(h)B, Vh e H;
(3.2) 6DV BS(3)ag® =1 =SB )ap "2 BS(6Y),

where ¢ = ¢V ® ¢(2) @ ¢ and ¢~ = (=) @ ¢p(—2) @ ¢(=3).

The category Rep H =: Rep(H, ¢) is a fusion category of global dimension
dim C = dim H with associativity given by the action of ¢.

Let Hy and Hs be finite dimensional semisimple quasi-Hopf algebras. The
categories Rep H; and Rep Hs are tensor equivalent if and only if H; and Hy
are gauge equivalent [13]; that is, if and only if there exists an invertible nor-
malized element F' € Hy ® Hy (a gauge transformation) such that (H;)r and
Hj are isomorphic as quasi-bialgebras, where (Hy)p is the quasi-Hopf algebra
(H1,Ap,€,¢r,Sr,ar, Br), such that

Ap(h) = FA(R)F~', heH,
pr=(1®F)(id® A)(F)p(A@id)(F ) (F 1),
ap =S(FT)aF™, gp = FOES(F);

with the notation F = F() @ F®) p~1 = p(-1) @ F(=2),
There is also a notion of quasitriangular quasi-Hopf algebra, requiring the
existence of an invertible R-matrix R € H ® H. When H is quasitriangular the

category Rep H is a braided tensor category with braiding given by the action
of R.
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The center Z(Rep H) is equivalent to the representation category of the quan-
tum double D(H) [21, 15]: this is a quasitriangular semisimple quasi-Hopf al-
gebra with underlying vector space H* ® H and canonical R-matrix

(3.3) R =Y h;®D(h),

where (h;); is a basis of H and (h'); is the dual basis.
Since the element Ro1R € D(H)® D(H) implements the natural isomorphism
(3% in the category Rep D(H) ~ Z(Rep H), the results in [10] imply the following

lemma.

LEMMA 3.1: The order of R21'R is finite and equals the exponent of Rep H.

3.1. TWISTED QUANTUM DOUBLES. Let GG be a finite group and w a normal-
ized 3-cocycle on GG. The identity element in G will be denoted by e. Let H
be the quasi-Hopf algebra (K¢, w) of k-valued functions on G with associator
w € kY @ k¢ @ k¢. Then the quantum double of H is a quasitriangular quasi-
Hopf algebra isomorphic to the Dijkgraaf-Pasquier-Roche quasi-Hopf algebra
D¥G |21, 7).

This quasi-Hopf algebra is defined on the vector space k¢ @ kG as follows.
Consider the maps 0,7: G x G — (k%)*,

9(1‘,3}) = Z eg(‘r’y)egv V(I‘ay) = Z’y‘t](l‘)y)egv

geG geG

where e, € k¢ are the canonical idempotents: ey(h) = d, 4, g,h € G, and

w(g, z, y)w(z,y, (zy) g(zy))
4 9 —
(3.4) (2, y) w(z, z~ gz, y)
w(z,y, 9)wlg, g 'xg, 9 'yg)
w(z, 9,97 yg)

Y

(3.5) Yo (T, y) =

Then DG is as an algebra the crossed product k¢#¢kG, with respect to the
adjoint action, and it is the crossed product k¢7#kG as a coalgebra, with
respect to the trivial coaction.

A basis of D“G consists of the elements e,#x, g, € G. The multiplication
and comultiplication are explicitly determined by

(36) (eg#l‘)(eh#y) = 6g,1hw*199($5 y)eg#xya
(3.7) A(eg#z) = Z Yz (8, t)es#Hx ® er#a.

st=g
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The unit element is 1 := 1#e = >
determined by

e eg#Fe and the counit and antipode are

(3.8) e(eg#x) = dg.c,
(3'9) S(eg#z) = egfl(xax_l)_17x(gag_l)_lezflgflz#z_la

with a =1 and 8 = Zgw(g,g_l,g)eg.
This is a quasitriangular quasi-Hopf algebra with associator and R-matrix
given, respectively, by

(3.10) p=> wabc) lea®e, e, R=Y e,®g.

a,b,c g

It is also known that in the twisted Drinfeld double, 3 is an invertible element
with inverse S(3) = 3~!. Moreover, 3 implements S? by conjugation; that is,
for all elements h € D“G we have the relation

(3.11) S?(h) = B~ hp.

Recall that an element a € D“G is called group-like if A(a) = a®a. Axiom
(3.1) for the antipode, combined with the fact that « = 1 in D@, implies that
the set of non-zero group-like elements form a subgroup of the group of units of
D“G, denoted G(D*@G), and we have S(a) = a1, for all a € G(D*G).

The group-like elements in twisted Drinfeld doubles have been completely
described in [22, Proposition 3.2]: an element a € D¥G is group-like if and only
if there exist elements 2 € G and f € k¢ such that

Yo =df, and a= f#zx.

Here df: G — k denotes the coboundary of f given by
df (9.h) = f(9)f(h)f(gh)~".

4. Drinfeld elements and ribbon elements

Let (H, ¢, R) be a quasitriangular quasi-Hopf algebra. Let v € H be the element
defined by

ui=8(0VS(?)S(R)aR;¢ ™ = ma(id @ S)((a @ 1)Rp),

where p = pr = ¢V @ (-2 8S(¢(~3)) € H ® H is the special element related
to a canonical adjunction formula in Rep H [8, 15].
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The element u has been introduced by Altschuler and Coste in [1] generalizing
the Drinfeld element for quasitriangular Hopf algebras [9]. Tt satisfies

S?(h) = uhu™1,

for all h € H [1, Section 3]. Here, and in what follows, we are using the notation
R=R;® R7| assuming a summation symbol over repeated indexes. The action
of u on finite dimensional representations of H gives a canonical isomorphism
between the dual and double dual functors.

Remark 4.1: The Drinfeld element u satisfies the equation [1, (3.9)]
S(a)u = S(R7)aR,;.

In particular, when o = 1, we get v = S(R’)R;, which coincides with the
formula given by Drinfeld in the Hopf algebra case.

Let us denote R = (a®1)Rp € HRH. Let n > 1 be an integer. Following [11,
12] we define an element R, € H ® H by the formula

R —R(1d®82)( ) (1d®82n—2)(§)
:R“R . R ®R1152(R12)...82n72(]§in)7

where R = Eil @ R = E@ QR2=...= ﬁin ® Rin.
As in the Hopf algebra case, this element is related to the powers of the
Drinfeld element. The following lemma gives the precise relation.

LEMMA 4.2: We have u™ = my; (id ® S)(Ry,).

Proof: The proof is by induction on n. If n = 1, there is nothing to prove. Let
n > 2. We have

o (id @ 3)(§n+1) _ 82n+1(Rln+1 . (R“)R .. .éin+1
= SR 1n+1). 33(R12)UR12 = Rzn+1

_ 82”+1(R’"“ ) 83(R’2)S2( BE ..52( in“)u
= SHS¥ TN R - SRRy -+ Ry Ju

=8*(u")u = u"u = u"t,

by induction, and using that S?(u) = u. This proves the lemma. ]
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Remark 4.3: Suppose that o = 1. By Remark 4.1, u = S(R/)R;. Then
it is not difficult to show by induction on n that in this case we have u™ =
ma1(id ® S)(R,,), where R, is defined by

R, = R(id® §*)(R)--- (id @ $*"~*)(R),
as in the Hopf algebra case.

Unlike in the semisimple Hopf algebra case, it may happen that H is semisim-
ple but u is not a ribbon element in H. Suppose « is invertible in H. According
to the definition in 4.1 and Remark on page 13 in [1], a ribbon element in H is
the same as a central element v € H satisfying

(4.1) v? = uS(u);

(4.2) S(v) = v;

(4.3) e(v)=1;

(4.4) A(w) = (v®@v)(RaR) ™" = (Ra1R) 1 (v ® ).

For a finite group G with normalized 3-cocycle w, the expression for the
Drinfeld element in the twisted quantum double D“G is the following:

(4.5) =" w(g,g7" 9) PegHtg .

geG
Moreover, D¥G is a ribbon quasi-Hopf algebra with ribbon element v given by
(4.6) v=Y wlg.g " 9) egtg

geG

and the following relation holds:
(4.7 v = fu.

See [1, Section 5.

The action of the ribbon element v on irreducible representations gives the
(twisted) modular invariant matrix T studied in various papers, see for in-
stance [4, 6, 2].

We also note the following simpler formula for the inverse of the ribbon ele-

ment:
(4.8) vl = Z eg#yg.
geG

Recall the expression (3.10) for the canonical R-matrix R € DG ® D*G.
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LEMMA 4.4: Letn > 1. Then R,, = dec eqg @ (g8~ 1" B".

Note, in addition, the following expression for the nth power ¢ in D“G of
an element g € G:

= Z 95(979)95(9279) o Hs(gn_lvg)es#gn-

seG

Proof:  Using relation (3.11), we compute
Rn =Ry Rip - Ri, @ RMS*(R2)-.-S*"2(R™)
— Ril Rig . Rin ® Ril (ﬁ—lRigﬁ) (ﬁ_QRiZ ﬁQ) . ﬁ—n-{-lRin ﬁn—l
= Ri,Ri -+ Ri,, @ (RUBH(R=B™H - (R™B~1)",

which, in view of (3.10), equals

Z eg g, @ (1Y) (gnB7! Zeg )" B,
g1,eGn

as claimed. [ |

The exponent of D“G can be characterized in terms of the ribbon element
(4.6).

LEMMA 4.5: The exponent of DG equals the smallest positive integer N such
that vV € G(D*@).

Proof: By Lemma 3.1 the exponent of D“G equals the order of Ro1R. Since v
is a ribbon element for D“G, the lemma follows in view of formula (4.4). ]

5. Exponent of group theoretical fusion categories

Let G be a finite group, and let F' C G be a subgroup. Let alsow: GXGXG — k™
be a normalized 3-cocycle, and 7: F' x F — k* a normalized 2-cochain, such
that w|F><F><F =dr.

Consider the category Vecg of finite dimensional G-graded vector spaces,
with associativity constraint given by w. That is, Vecg is the representation
category of the quasi-Hopf algebra (k¥ ,w). Since the twisted group algebra
k. F is an algebra in Vec, the category C(G,w, F,T) of k, F-bimodules in VecS
is a tensor category. A group theoretical category is by definition a fusion
category equivalent to C(G,w, F,7) for some G, F, w, T [28, Section 3].

A (quasi)-Hopf algebra H is called group theoretical if Rep H is. By the
results in [25], a quasi-Hopf algebra H is group theoretical if and only if its
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quantum double is gauge equivalent to a Dijkgraaf~Pasquier—Roche quasi-Hopf
algebra D¥G. In particular, if Rep H ~ C(G,w, F, 1), then dim H = |G|.

Properties (2.1) and (2.2) of the exponent imply the following lemma.
LEMMA 5.1: Let C ~ C(G,w,F,T) be a group-theoretical category. Then
expC = expD*G = exp(k®,w).

In particular if H is a group theoretical quasi-Hopf algebra, then expH =
expD*G = exp(k®,w), for appropriate choice of a finite group G' and a normal-
ized 3-cocycle w on G, such that |G| = dim H.

Remark 5.2: Note that, by gauge invariance, the exponent of D¥G depends
only on the cohomology class of w.

It is well-known that |G|H" (G, k) = 0, for all » > 0. However, this relation is
not always true if we replace |G| by expG. Nevertheless, we have the following
weaker annihilation property. This will be used next to prove a divisibility
property for the order of § in a twisted quantum double.

LEMMA 5.3: Let N = expG. There exists a normalized 3-cocycle w which is
cohomologous to w and such that
©lg,97 )N =1, Vged.

Proof:  Since |(g)| divides the exponent of G, for all g € G, then expG anihilates
H3({g),k*), for all g € G.

Therefore, for all g € G, there exists a normalized 2-cochain f9: (g) x (g) — k*
such that

w(a,y,2)N =df(x,y,2) = [ (xy, 2) [ (@,9) 7 (x,92) " O (y,2) Y,
for all x,y, 2 € (g). Because (g~ ') = (g), we may choose f9 in a way such that
frh=g

Next we define a normalized 2-cochain f: G x G — k* in the form

Flg,h) = {fg(g,h), if h € (g),

1, otherwise.

Then, for all g € G, we have
(df)(g,97",9) = fe;9)flg,97 ) f(g.0) " Fla™9) ™" = flg.97 (g™ 9) 7
= 9.9V (g o)
= df'(g,97",9) (since f*=f9 ")
=w(g.g~ " 9",
The lemma is established by putting & = wd(f /). |
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As a consequence of Lemma 5.3 we obtain the following.

COROLLARY 5.4: The order of 3 in the group of units of D¥G divides the
exponent of G. |

Let GG be a finite group and let w be a normalized 3-cocycle on G. In what
follows we shall give a proof of the characterization in Theorem 1.2.

Let n > 1. We introduce a map m,,: G — k*, by the formula 7 = ¢, and
Tnw(g) = Tno1.w(g)w(g,g" 1, g), g € G, n > 2. In other words,

n—

(51) 7Tn,cu(g):u)(gag 1,g)W(g,g”*2,g)-'~W(g,g,g).

Compare with formula (A.3) in [6].
Let g € G and suppose that |g| divides n. The following relation is easily seen
and will be frequently used in what follows:

(5.2) Tnw(9) = Tg,5(9),

where &: (g) x (g) x (g) — k> is the 3-cocycle obtained from w™/19 by restriction.
Recall the expression (4.8) for the inverse of the ribbon element in D*G. The
following lemma follows from a straightforward computation.

LEMMA 5.5: Let n > 1. Then v " = dec T (9)eq#g™.
Let us denote by G the group of (one-dimensional) characters on the group
G. So that G = G(kY).

PROPOSITION 5.6:
(i) The exponent of G divides expD“G.
(ii) The exponent of D*G equals the smallest integer n with the properties

T w E@, g"=¢e, Vgedq.

Proof: By Lemma 4.5 the exponent of D¥G equals the smallest positive integer
n such that v™ (hence also v~™) belongs to the group G(D¥G).

Suppose that v € G(D¥G). By the description of group-like elements in
twisted Drinfeld doubles from [22, Proposition 3.2] (cf. Subsection 3.1), there
exist z € G and f € k% such that v, = df and

vt = fH#x.

Applying the map € ® id to both sides, we get (e ® id)(v™) = e(f)x. But
(e ® id)(v) = e because of formula (4.6), and € ® id: DG — kG is an algebra
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map. Therefore e(f)x = e. This implies that = e, whence df = v, = 1, and
thus f € G. In particular, v" = f#e € k¢ and v™" = f~'#e. It follows from
Lemma 5.5 that ¢ = e, for all g € G. Therefore expG divides n. Hence part
(i) follows.

Using that ¢g" = e, for all g € G, Lemma 5.5 gives

v =) ma(g)e g = ( > ﬂn(g)eg) #e.

geqG geqG

Therefore m, must be a character of G. This finishes the proof of the
proposition. |

THEOREM 5.7: The exponent of D“G divides e(w)expG.

Proof: We may assume that w(z,y,2)*“) = 1, for all 2,5,z € G. Tt follows
from equation (5.2) that
Te(w)expG,w = 1.

This implies the theorem, in view of Proposition 5.6. |

Since both e(w) and expG divide |G|, it follows from Theorem 5.7 that for
a twisted Drinfeld double D*G the exponent divides |G|*> which equals the
dimension of D“G. We shall see next that this is not true in general for any
quasi-Hopf algebra.

Example 5.8: Let G = C,, = {(a : a™ = 1) be a cyclic group of odd order n. The
group H3(C,,,k>) is cyclic of order n parametrized by the cohomology classes
of the 3-cocycles w = w¢ defined by

(5.3) wlal, ol al) = ¢,
0 <4,5,l <n—1, where ¢ € k* are the nth roots of 1, and ¢;; € Z is the
quotient of ¢ + j in the division by n. Explicitly,

(0, ifi+j<n—1,
=1, iti+j>n,

and
P 1, fi+j<n-1
i J ql) — ) = )
wia', a’,a’) {gl, ifi+j=>n.

forall 0 <i,j,1 <n-—1.
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LEMMA 5.9: Let w be as in (5.3). Then expD“C,, = |¢|n.

In particular, the exponent of the quasi-Hopf algebra (k¢ w) should not divide
the order of G (=its dimension).

Proof: Let N = expD¥C,,. By Theorem 5.7, N/e(w)expC)p, = |¢|n. On the
other hand, straightforward computations show that

n—1

'/Tn,w(a) = H w(av aja a) =,
j=1
n—1

7rn’w(anfl) _ H w(anfl’anfi’anfl) _ C(nfl)Q _ C

i=1
Since n/N, we have

TN ,w (a‘) = Tp,wN/n (a’) = CN/na

and

ﬂNﬁw(anfl) = Ty wN/n (a" 1) = CN/".

By Proposition 5.6 we must have ¢(V/" = ¢=N/" implying that [¢| divides
2N/n. Since [{| is odd by assumption, we obtain |(|n/N. Hence N = |[{|n as
claimed. |

In the case n = 2, however, the exponent of (kZz,w), where w is the non-
trivial cocycle given by w(a,a,a) = —1, does equal the order of Zo, because in
this case ¢ = (7.

We now introduce a modified exponent exp,G of a finite group G endowed
with a 3-cocycle w that will be useful to describe the exponent of D“G. Let us
denote by w, the restriction of w to the subgroup generated by g € G. Let

(5.4) exp, G = lLcm.[e(wy)|g] : g € G].

It is clear that expG divides exp,G, and exp,G divides e(w)expG. For in-
stance, when G is cyclic of order n, we have exp,,G = e(w)n.

PROPOSITION 5.10: The exponent of D¥G divides exp,G. Moreover, equality
holds when |G| is odd.

Proof: Let n = exp,G. Then |g|/n, for all g € G, and by (5.2),

Tn,w (g) = Tg|,@>
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for all g € G, where @ is the restriction to (g) of the 3-cocycle w™/19!. Since, by
definition of exp, G, e(w,) divides n/|g|, then m, (g) = 1, for all ¢ € G. By
Proposition 5.6, expD“G divides n, as claimed.

Suppose now that |G| is odd, and let N = expD“G. Let g € G. As in the
proof of Lemma 5.9 we find that the class of the restriction of w™/19! to the
subgroup generated by ¢ is trivial.

Therefore e(wy)|g|/N, for all ¢ € G, implying that exp,G/N. This shows
that expD“G = exp,G, when |G| is odd, as claimed. |

Proof of Theorem 1.3: 1If C is a cyclic group, then |H?(C, k*)| = |C|, cf. Ex-
ample 5.8. Then e(wy)/|gl, for all g € G. Thus exp,G = lL.c.m.[e(wy)|g] : g € G]
divides (expG)2. This implies the theorem in view of Proposition 5.10. |

Example 5.11: Suppose that |G| = p" and expG = p*, where p is a prime
number, and 2k < n. Then expD¥G divides |G|.

In particular, if G is an extraspecial p-group of order |G| > p?, then expD“G
divides |G|.

Proof: The first claim is clear from Corollary 5. Suppose that G is extraspecial
and |G| > p3. Then |G| = p'*?™, for some integer m > 2, and by definition,
there is a central extension 0 — Z, — G — (Z,)*™ — 1; cf. [3, 8.23]. Note that,
in general, if N is a normal subgroup of G, then expG divides expNexp(G/N).
Since both the kernel and the quotient are of exponent p, this implies that expG
divides p?. Hence (expG)?/p* and this divides |G| because |G| > p3. |

Proof of Theorem 1.4: To prove the theorem we shall combine the results in
this section with Lemma 5.1 that tells us that expC = expD“G.

Part (i) follows from Proposition 5.6, (ii) follows from Theorem 5.7, (iii)
follows from Theorem 1.3, and finally (iv) is a consequence of (i) and (iii). |

Let us denote by [G : g] the index in G of the subgroup generated by g € G.

THEOREM 5.12: Suppose that
(1) e(wq) divides [G : g], for all g € G. Then
(ii) expD¥G divides|G]|.
If the order of G is odd, then (i) is equivalent to (ii).

Proof: The first claim follows immediately from Proposition 5.10.

Now suppose that |G| is odd and that Condition (ii) holds. As in the proof
of Lemma 5.9 we find that the class of the restriction of w!“9! to the subgroup
generated by ¢ is trivial. Then e(w,) divides [G : g], and (i) holds. |
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5.1. GROUP THEORETICAL HOPF ALGEBRAS. A group theoretical category
is the representation category of a Hopf algebra if and only if it admits a fiber
functor.

Recall from [28] that fiber functors of the group theoretical fusion category
C(G,w, F,a) are classified by equivalence classes of subgroups I' C G and 2-
cocycles  on I' such that

(1) wle = 1;

(2) G =FT;

(3) the cocycle o371 is non-degenerate on F N T.

In what follows we shall assume that C ~ C(G,w, F, «) is a group-theoretical
category admitting a fiber functor. That is, C ~ Rep A, for some group-
theoretical Hopf algebra A.

The exponent of a group theoretical Hopf algebra turns out to have a simpler
description in terms of twisted Drinfeld double.

LEMMA 5.13: Let m,,, be as in (5.1), n > 1. The following statements are
equivalent:

(1) Tpw: G — k™ is a group homomorphism;

(ii) mnw(g) =1, forall g € G.

Proof: 'We only need to show (i) = (ii). Let I' C G be a subgroup giving rise
to a fiber functor. We may assume that w|r =1 and w|p = 1.

Let g € G. Then g can be written in the form g =xs, x € F, s € I'. If mp, ,
is a group homomorphism, then m, ,,(g) = T 0 ()T o (s) = 1. |

PROPOSITION 5.14: Let A be a group theoretical Hopf algebra with

Rep A ~ C(G,w, F, ).
Then the exponent of A equals the order of the ribbon element v in DG.
Proof: By Lemma 5.1, expA = expD“(G. Combining Proposition 5.6 with
Lemma 5.13, we see that expD“ G equals the smallest integer n such that ¢g" = e,

for all g € G, and 7, , = 1. This is exactly the order of v in view of formula
(4.8). ]

Remark 5.15:  Since the index of a subgroup annihilates the kernel of the restric-
tion map, we find that the following relation holds for every group theoretical
Hopf algebra:

(5.5) expD“G/([G : F; |G : T))expG.



Vol. 162, 2007 ON THE EXPONENT OF TENSOR CATEGORIES 269

Next we prove that the results in Proposition 5.10 and Theorem 5.12 hold for
group-theoretical Hopf algebras, without the assumption that G has odd order.

PROPOSITION 5.16: We have expC = exp,,G.

Proof: We know that expC = expD“(G. The proof is identical to the proof of
Proposition 5.10, using Lemma 5.13. |

Proof of Theorem 1.2: By Lemma 5.1, expC = expD“(G. The theorem follows
from Proposition 5.10 in case (i), and from Proposition 5.16 in case (ii). |

Remark 5.17: Note that, in general, it is not true that expC divides expG.
For instance, if C = Rep Hg, where Hg is the 8-dimensional Kac-Paljutkin Hopf
algebra [17], then G = Dy the dihedral group of order 8. We have in this case
expC = 8 while expG = 4.

We next give some necessary and sufficient conditions for expC to divide dim C.

THEOREM 5.18: The following are equivalent:
(i) expC divides dimC;
(ii) e(wgy) divides [G : g], for all g € G.

Proof: Identical to the proof of Theorem 5.12, using Lemma 5.13 and the fact
that expC = expD“@. |

LEMMA 5.19: Suppose that expC divides dim C. Then e(w) divides [G : g]?, for
all g € G.

Proof: By Lemma 5.13, 7. (g) = 1, for all g € G. Using Equation (5.2), we
have 1 = 7¢|,w(9) = Te(g),5(9), where &: (g) x (g) x (g) — k> is the 3-cocycle
obtained from w!“9! by restriction.

As in the proof of Lemma 5.9 we find that the class of the restriction of w!©9]
to the subgroup generated by g is trivial.

The composition

HY(G, k) “SH((9), k) HY(G, k™),
where tr denotes the transfer map, is multiplication by the index [G : g] [5].
Therefore, we find that w!@9”° = 1. Hence e(w)/[G : g]?, as claimed. |

Suppose that G = FT is any factorizable finite group. Let IA{T?’(G, k*) denote
the kernel of the restriction map H?(G,k*) — H3(F,k*) @& H3(T,k*). The
following question is of a purely cohomological nature.
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QUESTION 5.20: Does the product expﬁ3 (G, k*)expG divide the order of G?

An affirmative answer to this question would guarantee that the exponent
conjecture holds true for all group-theoretical Hopf algebras.

5.2. ABELIAN EXTENSIONS. The class of group-theoretical quasi-Hopf alge-
bras contains in particular the class of abelian bicrossed product Hopf algebras,
first studied by G. I Kac [16]. We refer the reader to [23, 24] for the main
features of the subject.

In what follows we shall consider a fixed matched pair of finite groups (F,T")
with respect to compatible actions >: I' x FF — F, < I' x F — T'. These
actions determine a unique group structure on the product of F' with I', denoted
G = F =T, in such a way that G admits an exact factorization G = FT,
Fnr=1.

Remark 5.21: For every group with an exact factorization as above, there are
two convergent spectral sequences

HP(F,HY(T,k*)) = HP*(G, k*),
HP(T, HU(F, k) = HPT(G, k™).

These spectral sequences come from the double complex in [23, 24] whose
total complex gives a free resolution of the G-module Z.

For every class (o,7) in Opext(k®,kF); that is, o: F x F — (k')* and
7: T x I' — (k¥)* are normalized 2-cocycles subject to certain compatibility
conditions, there is a bicrossed product Hopf algebra A := kI "#,kF. This gives
a one-to-one correspondence between the equivalence classes of Hopf algebra

extensions
(5.6) E—k' - A EkF -k,

affording the actions >, <, and the abelian group Opext (k! kF).
The Kac exact sequence associated to the matched pair (F,T") [16, 23] has
the following form:
0— HYG, k) "> HY(F,k*) @ HY(T, k™) — Aut(k" #kF)
— H(G, k) 2SHA(F, k) & HA(T, k) -2 Opext(k", kF)
— H3(G, B H3(F B @ H3(T, k™) — ...

where the res denote the restriction maps.
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Hopf algebras A arising from abelian exact sequences are always group-theo-
retical: indeed, Rep A ~ C(G,w, F,1), where G = F < I and w is the image
of (o,7) in Kac exact sequence; see [25, Theorem 1.3]. Explicitly, the 3-cocycle
w = w(o,T) can be represented by

(5.7) w(zg, 2’y 2"g") = ran(gaa’, g')og(a’, g'va’),
forall z,2',2" € F, g,4',¢" € T.

Recall the Schur-Zassenhauss Theorem for finite groups that says that any
extension G of a group F by a group I', with |F'| and |T'| relatively prime, splits.
That is, G is a semidirect product of F' x I'. The following proposition gives an
analogue of this result for Hopf algebras.

PROPOSITION 5.22: Suppose that |F| and |U'| are relatively prime. Let A be a
Hopf algebra fitting into an extension (5.6). Then A is obtained from the split
extension kT #kF by twisting the multiplication and the comultiplication.

Proof: Let (o,7) be the element in Opext(F,T') corresponding to the exten-
sion (5.6). The indexes [G,T] = |F| and [G, F] = |I'| annihilate the kernel of
the restriction map

H3(G, k™) — H*(T,k*) @ H*(F, k™),

whence by exactness of the Kac sequence, (o, 7) belongs to the image of §. Now
the result of Masuoka on cocycle twists of bicrossed products [24] implies the
proposition. |

COROLLARY 5.23: Let the exact sequence (5.6) and suppose that |F|, |I'| are
relatively prime. Then expA = expF < T'.
In particular, A and all their cocycle twists satisfy the exponent conjecture 1.1.

Proof: By Proposition 5.23 and the twist invariance of the exponent, we may
assume that the extension (5.6) splits. In this case the 3-cocycle w associated to
A under the Kac exact sequence is trivial. The corollary follows from Theorem
1.3. |

The following is a consequence of Theorem 1.3.
COROLLARY 5.24: Let A be a Hopf algebra which fits into an abelian exact

sequence (5.6). Then expA divides exp Opext (T, F)expG.

Proof: By Theorem 1.3 (ii), expA divides e(w)expG, where w is the 3-cocycle
coming from the element in Opext(F,T") corresponding to A under the map
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0 in the Kac sequence. The corollary follows from the exactness of the se-
quence. [ |

The following proposition is a refinement of the relation (5.5) in the case of
abelian exact sequences. It generalizes the statement in Corollary 5.22.

PROPOSITION 5.25: Let A be a Hopf algebra which fits into an abelian exact
sequence (5.6). Then expA divides (|F[; |T'|)expG. |

Proof: The indexes [G,T'] = |F| and [G, F| = |T'| annihilate the kernel of the
restriction map H?*(G,k*) — H3(T,k*) & H3(F,k*). Hence e(w)/(|F|;|T]).
This implies the proposition. |
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